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STRUCTURE VIA COMPOSITE OPTIMIZATION

minimize f(z) + g(Tx)
performance structure

f — possibly nonconvex; cts-differentiable

g — convex; often non-differentiable

Tz — promote structure in alternate coordinates

g(z) admits easily computable proximal operator, g(7x) does not



OUTLINE

I PROXIMAL AUGMENTED LAGRANGIAN

- centralized approach — method of multipliers

II PRIMAL-DUAL METHOD

- distributable
- convergence for convex problems

- linear convergence for strongly convex problems



PROXIMAL GRADIENT METHOD
minimize f(z) + g(x)
GENERALIZES GRADIENT DESCENT

ghtl = proxakg(ask — aka(xk))

- cannot be used for g(7'z) in general

Nesterov ‘07
Beck & Teboulle ‘09

35



PROXIMAL OPERATOR AND MOREAU ENVELOPE

» PROXIMAL OPERATOR

. 1
prox, (v) = argmin g(z) + 2—”2 — vl?
z 1

» MOREAU ENVELOPE

1
M) = inf g(z) + 5[z — vl?

- continuously differentiable even when ¢ is not

VMug(v) = %(v - proxug(v))

Parikh & Boyd, FnT in Optimization ‘14
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EXAMPLE

» SOFT-THRESHOLDING — PROXIMAL OPERATOR FOR /1 NORM

1
minimize Z (’y |zi| + 2 (zi — Uz')2)
i

separability = element-wise analytical solution

prox operator
soft-thresholding

Moreau envelope VM

Huber function saturation

Proxgag, (vs)




AUXILIARY VARIABLE

minimize f(x) + g(2)

T,z

subject to Tx — z = 0

» Decouples f and ¢

» Can use methods for constrained optimization

AUGMENTED LAGRANGIAN

Lole,zy) = f@) + g(x) + Tz — 2) + ;ﬂuTx )

3/ 35



METHOD OF MULTIPLIERS

(mk—‘rl’zk’"f‘l) = argmin L#(ZE, 2 yk)
T,z
1
yk+1 _ yk + ;(T$k+1 _ Zk-‘rl)

» Gradient ascent on a strengthened dual problem
» Requires joint minimization over x and z

» Well-studied: convergence to local minimum, adaptive u update,
inexact subproblems, etc.

9/35
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ALTERNATING DIRECTION METHOD OF MULTIPLIERS

S

Jo S -

k41 _

argmin L, (z, 2P k) differentiable
€T

argmin L, (2", z; y¥) Prox,(")
z

yk + %(Txlﬁ'l _ zk—l—l)

» Convenient for distributed implementation

» Convergence speed influenced by p

» Challenge: convergence for nonconvex f

Hong, Luo, Razaviyayn, STAM J. Optimiz. ‘16



ADMM CARTOON

Elt [1 PR ”U ]

®

- (13072;0)

v

£M(:I:7 Z; y(])

DA
12/35



(xl,zo

.<—.(I°,zo)

Eu(‘r) Z; yO)

v

ADMM CARTOON

DA
12/35



ADMM CARTOON

(1'1,21)

(xl,zo

- (I(’,zo)

v

EM($7 Z; yO)

Hao

12/35



Elt[.l‘_ 2t !/1 ]
(1'1,21)
C
N *
(xl,zo
. ‘(I(J’zo)
x

EM($7 Z; yl)

ADMM CARTOON

Hac
12 /35



ADMM CARTOON

=2
N *
(xl,zo
. ‘(I(J’zo)
x

EM($7 Z; yl)

Hao

12/35



ADMM CARTOON

=2z
(:l:l,zl) (11/'2,31)
@]
N *
ZL‘27Z2)
(ml,zo
. .(IO7Z°)
x

EM($7 Z; yl)

Hao

12/35



ADMM CARTOON
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ALTERNATING DIRECTION METHOD OF MULTIPLIERS

¢ = argmin £, (z, 2F; yF) differentiable
T

ZF1 = argmin Cu(xkﬂ, 2 y¥)
z

g = F 4 l(Tka

proxug(-)
Zk—f—l)

Qe

13 /35



PROXIMAL AUGMENTED LAGRANGIAN

Luwczsw) = f@) + 9 + 5ol = (Ta + )l = 5 lol?

MINIMIZE OVER z

zi(x,y) = prox, (Tx + uy)

EVALUATE L, (z, z;y) AT 2*
Lu(xsy) = Lu(z, z3(x,y); y)
= J(@) + My(To + ) — Syl
continuously differentiable in z and y

Dhingra, Khong, Jovanovi¢, arXiv:1610.04514
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PROXIMAL AUGMENTED LAGRANGIAN MM

2 = argmin £,(z; v¥)
xr

1
g+l = gk g ;(Txk+1 — proxug(Tka + uy*))

» Nonconvex f: convergence to local minimum

» z-minimization step: differentiable problem

Dhingra, Khong, Jovanovi¢, arXiv:1610.04514

15/35



PROXIMAL AUGMENTED LAGRANGIAN MM CARTOON
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PROXIMAL AUGMENTED

LAGRANGIAN MM CARTOON
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PROXIMAL AUGMENTED LAGRANGIAN MM CARTOON
A

(z,2%(2,9*))

v

Lu(x,z9%), Lu(z;y*)

D¢
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EDGE ADDITION IN

DIRECTED CONSENSUS NETWORKS

z are edges, columns of T are basis for space of balanced graphs
IDENTIFY EDGES

DESIGN EDGE WEIGHTS

minimize fo(z) + v||Tx|
xr

z*(y) =

minimize fa(x)
xT

subject to sp(Tz) € sp(Tx(y))

[m]

=

D¢

17 /35



EDGE ADDITION IN DIRECTED CONSENSUS NETWORKS
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Outer iter. (k)

COMPARISON WITH ADMM

,E*'C"a‘ B .. o ——PAL b
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m m
Outer iterations per outer iteration

- guaranteed convergence to local minimum

- computational savings from reduced outer iterations

Dhingra, Khong, Jovanovié¢, arXiv:1610.04514
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OUTLINE

I PROXIMAL AUGMENTED LAGRANGIAN

- centralized approach — method of multipliers

II PRIMAL-DUAL METHOD

- distributable
- convergence for convex problems

- linear convergence for strongly convex problems



PRIMAL-DESCENT DUAL-ASCENT
ARROW-HURWICZ-UZAWA TYPE GRADIENT FLOW

T

y’]:{_vxﬁ]

v, L

» Existing methods use subgradients or projection

» Convenient for distributed implementation

Arrow, Hurwicz, Uzawa, ‘59
Nedic & Ozdaglar, TAC ‘09
Wang & Elia, CDC ‘11
Feijer & Paganini, AUT ‘10
Cherukuri, Gharesifard, Cortés, SCL ‘15

=
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FIRST-ORDER PRIMAL-DUAL METHOD
_ [ ~Va Ly(;y) ]
Vy ﬁu(aﬂy)

» CONTINUOUS RHS — even for non-differentiable g(7'z)
- algorithmic implementation via forward Euler discretization

» CONVEX f — asymptotic convergence
- Lyapunov function & LaSalle’s invariance principle

» STRONGLY CVX, LIP. CTS GRADIENT — linear convergence
- Integral Quadratic Constraints

- extends to discrete-time

Dhingra, Khong, Jovanovié¢, arXiv:1610.04514



METHOD OF MULTIPLIERS CARTOON I1I

Ly(;y), minLy(z;y)



METHOD OF MULTIPLIERS CARTOON I1I

o (2°1°)

Ly(;y), minLy(z;y)



METHOD OF MULTIPLIERS CARTOON I1

z! = argmin £, (z;y%), minL,(z;y)
xT xr



METHOD OF MULTIPLIERS CARTOON I1I
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METHOD OF MULTIPLIERS CARTOON I1

2% = argmin £, (z;y"), minL,(z;y)
xT xr



METHOD OF MULTIPLIERS CARTOON I1I

(z*y°%)

y* =yt + ivy[,u(x?;yl), m}nﬁu(:l;;y)



METHOD OF MULTIPLIERS CARTOON II

z* = argmin £, (z;y*), minL,(x;y)



PRIMAL-DUAL CARTOON

(@hy') = (2%9°) — a(Valy(a®y"), —=VyLu(ay)), min L, (z1y)



PRIMAL-DUAL CARTOON

(@%9%) = (2'9") — a(VaLyu(a'sy'), —=VyLy(aliy')), minL,(z1y)



PRIMAL-DUAL CARTOON

¥, y%) = (2%y%) — a(VeLu(@%y?), —VyLu(x?%y?)), minL,(z;y)
" yhy B



DISTRIBUTED UPDATES

[ T ] _ [ ~Vf(x) = T VMuy(Tx + py)
vy NV M, (Tx + py) — py

» Recall VM,4(v) = %(U — prox,,,(v))

» Distributed implementation if ¢ separable and
- Vf: R" — R™ is a sparse mapping

- TTT is sparse

5/35



DISTRIBUTED UPDATES

[ T ] _ [ ~Vf(x) = T VMuy(Tx + py)
vy NV M, (Tx + py) — py

» Recall VM,4(v) = %(U — prox,,,(v))

» Distributed implementation if ¢ separable and
- Vf: R" — R™ is a sparse mapping
- TTT is sparse

» Each node z;

- communicates according to Vf and T7T

- stores y; according to 77

5/35



OVERLAPPING GROUP LASSO EXAMPLE
minimize | Az —b|3 + ZH(Tl‘)zHQ
Gradient mapping: Vf(z) = AT (Az —b)

- communicate states z; according to Vf and TTT
- store y; corresponding to red edges

DA
26 /35



REFORMULATION OF DISTRIBUTED OPTIMIZATION

minimize Z filz) = o Zfz(xz)
* subject to Tx = 0

» TT is Laplacian or incidence matrix of connected network

— minimize Zfz(xz) + Io(Tz)

T1,L2,...

Indicator function is Iy(z) = { og’ z ; 8

N

N

o



REFORMULATION OF DISTRIBUTED OPTIMIZATION

minimize (o
minimize Zfl(x) = xl,xQ,...z Zfz( z)
; subject to Tx = 0

» TT is Laplacian or incidence matrix of connected network

— minimize Zfz(xz) + Io(Tz)

T1,L2,...

Indicator function is Iy(z) := { 02’ z ; 8

» Let j:=T7y and T7T = L

3] [¥ 2]

Y Lz

» Each agent stores x; and y;, communicates across L



REFORMULATION OF DISTRIBUTED OPTIMIZATION

» Discrete-time primal-dual

1

zhtl = gk oz(Vf( )+Lmk+yk>
i

gl = gF 4+ aLa

» EXTRA by Shi, Ling, Wu, Yin ‘15

1 -
o = Wak — aVf(zF) + ;L."L‘k + Z(W—

35



REFORMULATION OF DISTRIBUTED OPTIMIZATION

» Discrete-time primal-dual

1

zhtl = gk a(Vf( )+Lmk+yk>
i

gl = gF 4+ aLa

» EXTRA by Shi, Ling, Wu, Yin ‘15

1 -
o = Wak — aVf(zF) + ;L."L‘k + Z(W—

Equivalent! W =1 — 2L, W = %(I + W), dual stepsize ay = 5=

okl = b — a(Vf(:ck) + —La* + ZLx )

t=0

I

35



SKETCH OF ASYMPTOTIC CONVERGENCE PROOF
» Introduce Lyapunov function with z :=x — z*, § ==y — y*

V(E,g) = s1Z1* + 39l

» Show V < 0, thus by LaSalle’s invariance principle,
— Viz,y) =0, =~ | =0, = (a7,
[ y(t) y &%) y &"v)

» Convex — asymptotic convergence

Dhingra, Khong, Jovanovi¢, arXiv:1610.04514
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FEEDBACK REPRESENTATION

[ —Vf(x) — TPV Muy(Tz + py)
NV M, (Tx + py) — py

30/35



FEEDBACK REPRESENTATION

i ] _ [ —(Vf(z) — mgz) — TTV M, (Tx + py) — mpx
. pNVM,o(Tx + py) — py

- ‘borrow’ my strong convexity from V f so G is stable

30/35



FEEDBACK REPRESENTATION

S =T+ py
SL=u

U1

» Linear system G : @ = Aw + Bu, £ = Cw, w:= |21y
[ by ] B { —(Vf(z) — mgz) — TTV M, (Tx + py) — mpx

Y

u

T}T

NV Mg (Tx + py) — py

- ‘borrow’ my strong convexity from V f so G is stable



FEEDBACK REPRESENTATION

S=Tr+py
&L=z

uy

» Linear system G : w = Aw + Bu, £ = Cw, w

u9

— [.’17T yT}T

[ —myI [ T I
A‘[ —MI]’B_[ I O = T ul

ui(&1) = V(&) —mpé&r, ua(§2) = & — prox,, (&)

- ‘borrow’ my strong convexity from V f so G is stable



INTEGRAL QUADRATIC CONSTRAINTS

§o —> UV Mg |—> u2

51—>Vf—mfl—>u1

» [ — 5L 2| convex because f is m-strongly convex

» Ly Lipschitz continuous gradient of convex function

E-& 1[0 LiIl[¢-&
[u—uo] [Lfl —QI][U—UO]ZO
I
Ly

35



LINEAR CONVERGENCE

» Linear convergence

lw@)l < 7e ™ w(0)]|
if (after applying KYP Lemma)
[GP(IJ“)] H[GP?‘”)} <0, YVweR

- transfer function G,(jw) = C(jwl — (A+ pI))~'B
- IT describes IQC for uy and us

Lessard, Recht, Packard ‘16
Hu and Seiler, ‘16

35



SKETCH OF LINEAR CONVERGENCE PROOF

1. Set p = Ly —my and evaluate

Mm+m2+w21 m .
m? 4 w? y mrtw? | g
m/p T, W —ph
* m2+w2TT +ﬂ2+w2

m:=mys—p, fLi=p—p
2. Take Schur complement and diagonalize

- concave scalar function quadratic in w?

- show absence of roots at w? > 0 for p =0

33/35



SKETCH OF LINEAR CONVERGENCE PROOF

1. Set p = Ly —my and evaluate

Mm+m2+w21 m .
m? 4 w? y mrtw? | g
m/p T, W —ph
* m2+w2TT +ﬂ2+w2

m:=mys—p, fLi=p—p
2. Take Schur complement and diagonalize

- concave scalar function quadratic in w?

- show absence of roots at w? > 0 for p =0

e fis my strongly convex linear convergence

e Vfis Ly Lipschitz cts — when pu > Ly — my
o TT7 is full rank

Dhingra, Khong, Jovanovi¢, arXiv:1610.04514

33/35



SKETCH OF LINEAR CONVERGENCE PROOF

1. Set p = Ly —my and evaluate

ﬂm+m2+w21 m .
m? 4 w? y mrtw? | g
m/p T, W —ph
* m2+w2TT +ﬂ2+w2

m:=mys—p, fLi=p—p
2. Take Schur complement and diagonalize

- concave scalar function quadratic in w?

- show absence of roots at w? > 0 for p =0

e fis my strongly convex linear convergence

e Vfis Ly Lipschitz cts — when p > Lf — my
o TT7 is full rank conservative!

Dhingra, Khong, Jovanovi¢, arXiv:1610.04514
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OPTIMAL PLACEMENT

» Monitor targets and stay near neighbors

mlmmlze Z Tt Iy 1)(Tz)

Sampling speed of 1 kHz and a step-size of 1 x 1073.

34 /35



CONCLUSIONS

PROXIMAL AUGMENTED LAGRANGIAN

- continuously differentiable

- enables MM

DISTRIBUTED IMPLEMENTATION

- primal-dual method

- connections with existing distributed optimization techniques

ONGOING WORK

- remove rank constraint for linear convergence

- second order methods

o



EXTRA SLIDES

o = = = = wac
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ASYMPTOTIC CONVERGENCE FOR CONVEX PROBLEMS
At any (x,y) there is a 0 < D < I such that
D(T7 + pj) = prox,,(Tz + py) — prox,,(T'z" + puy*)
Derivative of V negative semidefinite

V(#,9) = — (&, Vf(x) = Vf(a*)) - (T% (I - D)Tz) — pu(y,Dy)

37 /35



ASYMPTOTIC CONVERGENCE FOR CONVEX PROBLEMS
At any (x,y) there is a 0 < D < I such that
D(T% + pg) = prox, (Tz + py) — prox,,(T'z* + uy*)
Derivative of V negative semidefinite
V(#,§) = = (2, Vf(z) = Vf(@*) = & (T& (I - D)Ti) — p(g,Dj)
If V=0, Vf(x)=Vf(z*), § € ker{D}, T# € ker{(I — D)}, thus

HERY

If additionally § € ker{T"'}, (x,%) is optimal

37 /35



LINEAR CONVERGENCE FOR STRONGLY CONVEX
PROBLEMS

Schur complement:

m/p T ® — pji
TT I -0
um + m? + w? + 2+ w?

Diagonalize where \; are eigenvalues of 777
wt + ( DA 2 4 i — p,u)w + m”A — pi(uin 4+m?) > 0
Set p=10

wt + (mf)‘ >w2 + pmyX; > 0

positive coefficients = roots negative or complex

38 /35



OPTIMAL PLACEMENT 11

2
| A b
minimize 3 ‘H T w T — { 0 w + Lcq (Tz)

E)
0§ 04 02 o0 02 04 08 08 1 o 1 2 3 4 5 & 7 8 9

(¢) Agent trajectories (d) Distance from optimal

39

35



DIRECTED CONSENSUS NETWORKS

'\"

» Distributed information exchange over edges z;;

J

W = Zzij(% — i)

» Want nodes to compute average, 1;(t) — L4;(0)

DA
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CONSENSUS NETWORKS

AGGREGATE DYNAMICS
Vo= —Lyy +d
» If L, is balanced, nodes approach average

PENALIZE DEVIATION FROM AVERAGE

I — (1/n)117

¢ = Y

35



CONSENSUS NETWORKS

AGGREGATE DYNAMICS

Y = —(Lp, + L)y +d

» If L, + L. is balanced, nodes approach average

PENALIZE DEVIATION FROM AVERAGE

I— (1/n)117
c= | TG |

ADD EDGES TO NETWORK

» F(z) = L. is graph Laplacian of added edges z

11 /35



BALANCED NETWORK

[ .
O /@

» For each node 1;, in-degree equals out-degree, Zj Zij =) ; Zji

Py 212 -z = 0
Yot — 212+ 223 — 230 =0
3 —2o3+2z30+231 = 0

» Linear constraint on added edges Fz =0

» z = Tx parametrizes balanced graphs, EFz = F(Tx) =0

linear constraint in z if_L, balanced, affine if not
42 /35



BALANCED VS. UNBALANCED DIRECTED CONSENSUS

v/r@‘\l
@ o a_

1 -1 0
0o 1 -1 Lo=1] 0 1 -1
-1 0 1 -2 0 2

vl =0, v{_ﬁﬂ 1 1] vlLy=0

1
vy =2 2 1]
> Weighted avg. doesn’t ‘move

T
» Nodes approach weighted avg. v;(t) — v74(0)
! €., (UT¢) - -

("L =0
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EDGE ADDITION IN CONSENSUS NETWORKS
minimize fo(x) + 7 [|Tz|
X
PERFORMANCE:

» Hs norm of deviations from average and control effort

» Nonconvex

STRUCTURE:
» Balanced L.

» Minimize number of edges

Cannot use proximal gradient because 7" nondiagonal

35



